The high mechanical performances achievable by nanomodification of polymeric resins at low nanofiller volume fractions are related to the energy dissipated through the damage mechanisms taking place at the nanoscale. Among the others, nanoparticle debonding could take an important role either as a mechanism itself or as a trigger for mechanisms like plastic void growth or matrix shear yielding. In the present work, a model for the assessment of the extension and the shape of the debonding region (DBR) and the toughness improvement due to nanoparticle debonding is presented. The model takes into account some important issues inherently related to the nanoscale with particular reference to the emergence of an interphase surrounding the nanoparticle. Results can be useful in the scope of a multi-scale modelling strategy to the problem.
Introduction
The understanding of the relation between the nanostructure and the overall mechanical behaviour of nanocomposites plays an important role in the development of such new class of materials. This need has given rise in the literature to a large number of heterogeneous modelling strategies.
Discrete computational modelling techniques, such as Molecular Dynamics (MD), have been recently employed to investigate nanocomposite systems [1] [2] [3] [4] as well as Nanostructural models, which account for the influence of morphology and nanostructure, but not for the molecular interactions. Among the strategies employing nanostructural models, worth of mentioning are the works by Thostenson and Chou [5] , who proposed a modelling strategy for epoxy matrix reinforced by aligned MWCNTs, and by Luo and Daniel [6] who studied the prediction of elastic properties of PLS nanocomposites, accounting for the nanoclay morphology, the actual nanofiller orientation and grade of exfoliation.
Representative studies on the reinforcing influence exerted by nanoparticles on the mechanical properties of epoxy resins have been carried out by Wetzel et al. [7] and Zhao et al. [8] . The nanoparticle size effect on the energy dissipation due to the interfacial debonding has been studied by Chen et al. [9] , who derived a simple size-dependent formulation for the debonding stress, which was later used to compute the energy dissipation due to interfacial debonding.
Lauke [10] analysed the energy dissipation phenomena by considering, besides particle debonding, voiding and subsequent yielding of the polymer, while Williams [11] analysed in detail the toughening of particle filled polymers due to plastic void growth around debonded or cavitated particles.
More recently the present authors explicitly considered the effect of the interphase zone surrounding the nanoparticle on the debonding stress [12] ; such a zone, due to inter and supra-molecular interactions, might be characterised by chemical and physical properties different from those of the constituents [1, 2] . The aim of the study was to determine a closed form expression for the critical debonding stress accounting for the properties of an interphase zone between the nanoparticle and the matrix.
Starting from this previous work, in the present paper we present a multiscale model with the aim to determine: -the extension and the shape of the Debonding Region (DBR), namely the region of material around the crack tip interested by nanoparticle debonding as well as the number of nanoparticles subjected to debonding within the DBR; -the toughness improvement due to nanoparticle debonding.
Description of the multiscale system under analysis
Within the frame of a hierarchical multiscale model, the analysis has to be carried out at different length scales. Each of these can be addressed separately, inputs being provided by the solution of the previous model (at the smaller scale).
Starting from the macroscale, we initially consider a crack in the nano-modified matrix (see Fig. 1 ). The hydrostatic stress component of the crack tip stress fields under plane strain conditions turns out to be:
where K I and o are the Irwin stress intensity factor and the Poisson coefficient of the nanocomposite, respectively. Different from traditional micro-reinforced composites, in nanostructured materials the surface effect becomes significant and might have a substantial influence on the overall properties [13] . On the other hand, the data available so far in the literature about the interphase zone are not enough to formulate precisely the law of variation of its properties across the thickness, as well as its size, those parameter varying from case to case. Then, according to [12] , in the present work we adopt the simplified hypothesis that the through-the-thickness averaged properties are representative of the overall property distribution within the interphase, which is also assumed as homogeneous and isotropic. The required properties and size of the interphase can be computed by means of some analyses carried out within the frame of Molecular Dynamics as done in [1, 2] . Thus the system under investigation at the nanoscale, shown in Fig. 1 , is constituted by a spherical nanoparticle of radius r 0 , a shell-shaped interphase of external radius a and uniform properties, and matrix of radius b much greater than r 0 and a, and subjected to a uniform hydrostatic stress.
The crack-induced macroscale stress, h , can be thought of as the average of microscale stresses over a Representative Volume Element (RVE). By using the Average-Stress Theorem and the Mori-Tanaka approximation this mean value can be linked to the hydrostatic stress component around the nanoparticle [14] :
where C h is reciprocal of the hydrostatic part of the global stress concentration factor, and can be determined as:
being known in closed form [12] , and K m and K p being the matrix and nanoparticle bulk moduli, respectively. 
Assessment of the debonding region (DBR)
The extension of the debonding region, meant as the region around the crack tip containing all the nanoparticles where debonding damage is expected to occur, can be assessed by equating n with the critical debonding stress cr :
where cr can be determined according to the following equation [12] : 
Further details on Eq. (5) can be found in [12] . Note that the simplified failure criterion used in Eq. (4) might be improved by including a statistical distribution of the interfacial strength, according to [9] . Solving Eq. (4) A schematic representation of the debonding region (DBR) is also depicted in Fig. 1 . The number of nanoparticles subjected to debonding, N p , and the total surface subjected to debonding, S p , can then be determined as: 
respectively, where f p0 is the nanofiller volume fraction. It is worth noting that, for the sake of simplicity, Eq. (7) has been derived by tacitly assuming a constant nanoparticle radius. Although in the previous literature nanoparticle radii distribution is described by a Galton distribution [9] , it can be shown that even introducing such a distribution function in the analytical treatment, the number of nanoparticles subjected to debonding can be linked to the mean value of the radius, thought of as a deterministic value [14] . This corroborates the simplified analysis carried out herein.
Determination of the debonding strain energy density and debonding-induced toughness improvement
The energy produced at the nanoscale by debonding of a single nanoparticle is:
where db is the interfacial energy. Accordingly, the strain energy density in a RVE (microscale) can be calculated as: 
Example of application and discussion
Examples of application of the analytical results obtained in previous sections are shown in Figure 2 . The bulk material properties match those of the epoxy resin used in [9] . The bulk material properties match those of the epoxy resin used in [9] .
In particular Fig. 2a shows the toughness improvement due to debonding versus the nanofiller volume fraction; three different interphase size and properties have been considered. It is evident that, in all cases, the improvement is rather limited (less than 5%). On the other hand, it is also quite easy to prove that debonding is a necessary condition for the subsequent plastic yielding around nanovoids created by debonded nanoparticles, such a toughening mechanism being of primary concern [11, 14] . With the aim to prove that, as a first approximation, we can substitute the linear elastic solution for the undebonded particle [12] within the Tresca yield condition. By so doing:
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( 1 3 ) where Ya is the yield strength of the interphase. As soon as the interphase behaves plastically, a becomes 0.5 and the yielding condition can never be satisfied. This suggests that nanoparticle debonding can be thought of as a "secondary toughening mechanism" being more important as a trigger for other induced mechanisms, like plastic yielding. A similar conclusion, without considering the influence of an interphase zone, was drawn by Williams [11] . To this end, it is extremely important to estimate the extension and the shape of the Debonding Region (DBR) as well as the number of nanovoids created by debonding of nanoparticles, given by Eq. (6) and Eq. (7). Finally, Fig. 2b shows that the interphase size and properties have a great influence on the number of debonded nanoparticles, N p . In more details the greater the K m /K a the larger N p is. For the considered cases deviations are within % 30 . This result is extremely important and proves that as different functionalizers lead to different elastic properties of the interphase, the number of voids, meant as sites of energy dissipation, is affected by surface treatments.
Conclusions
The work provides a multiscale model to assess the extension of the debonding region (DBR) and the toughness improvement due to nanoparticle debonding, considering a crack in the nanoparticle filled polymer. The model accounts for the effect of the size and the properties of an interphase embedding the nanoparticle and created by the inter and supra-molecular interactions arising at the nanoscale. It has been proven that, even if nanoparticle debonding commonly results in a limited toughness improvement (less than 5% for all the analysed cases), it is a necessary condition for the subsequent plastic yielding around voids. This suggests that nanoparticle debonding can be thought of as a "secondary toughening mechanism" being more important as a trigger for other induced mechanisms, like plastic yielding. It has also been shown that the interphase size and properties have a great influence on the number of nanovoids created by debonded nanoparticles.
